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Abstract
The perturbative modes propagating along an infinite string are investigated
within the framework of the gauge invariant perturbation formalism on a
spacetime containing a self-gravitating straight string with a finite thickness.
We reconstruct the perturbation formalism to discuss these modes and solve
the linearized Einstein equation within the first order with respect to the
string oscillation amplitude. In the thin string case, we show that the os-
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Cosmic strings are topological defects associated with the symmetry breaking in unied
theories [1,2]. These spatially one-dimensional objects present a particular interest, because
it has been thought that the cosmic strings radiate gravitational waves by their rapid os-
cillations and lead to presently observable eects [3]. Detection of the gravitational waves
from the strings, which are remnants of the early universe, might be a crucial evidence of
the spontaneous symmetry breaking in the early universe. Thus, it is important to study
the precise dynamics of cosmic stings and their gravitational eects.
In the previous paper [4], we have considered the dynamics of an innite self-gravitating
Nambu-Goto string within the rst order with respect to its oscillation amplitude. We
solved the scattering problem of gravitational waves by an innite string. It is shown that
the string displacement is directly given by the variables of gravitational wave and there
is no resonance in the scattering data. This shows that the dynamics of a test string and
a self-gravitating one is quite dierent. An innite string bends only when the incidental
wave is passing through the string worldsheet and a string does not spontaneously oscillate
without gravitational wave.
However, the analyses in [4] do not include the modes of the perturbations which propa-
gate along the string with the light velocity, because the vector and tensor harmonics which
are used in [4] fail to be independent each other. One might expect that these modes contain
the dynamical degree of freedom of the spontaneous oscillation of an innite string. In this
article, we consider these perturbative modes. We concentrate on the perturbative oscilla-
tions of an innite string at the rst order with respect to the oscillation amplitude of the
string and show the oscillations of an innite thin Nambu-Goto string are directly given by
the propagation of the gravitational waves in these modes again. These gravitational waves
are just cosmic string traveling wave discovered by Vachaspati [5] and Garnkle [6]. This
result is quite dierent from the behavior of an innite test string; a test string can freely
oscillate.
As the background for the perturbation, we consider rst a spacetime (M; gµν) containing
a straight thick string [4,7]. The surface S of the thick string divides M into two regions:
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Mex and Min. Note that Min describes the ‘thick’ world sheet of the string.
We also divide M into two submanifolds so that M = M1  M2 and assume the
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on Mex \M1, and pq, the metric on M2, is the two dimensional Minkowski metric. We
shall use the indices a; :::; d for tensors on M1 and p; :::; s for those on M2. The string
thickness is given by the circumference radius r of S, R is the Ricci scalar curvature on
M1, which is assumed to be a constant, and  is a decit angle on Mex. The metric (1) is
the solution to the Einstein equation with the energy momentum tensor
Tµν = −µν ; (4)
where  = 0 for r < r and  = 0 for r  r [1,4,7]. Here µν is the four dimensional
extension of pq. Israel’s junction conditions [8] at the surface S yields  = 1−
√
1− ^2r2.
We consider the metric and matter perturbations on the background geometry given by
(1)-(3). We use the expansion of the perturbative variables by the harmonics on M2. Since
we concentrate on the perturbations propagating along the string with the light velocity, we
introduce the scalar harmonics
S := e−iω(t+z); (5)
where  = 1. For each ! and , we also introduce the null vectors kp and lp dened by
kpS = −iD^pS;
lpl




and vector and tensor harmonics
V p(e1) := ik





pqS; T(e2)pq := −kpkqS; T(l2)pq := −lplqS:
(7)
The scalar harmonics (5) and V p(e1), T(e0)pq and T(e2)pq in (7) are the special case of those
in [4], but kp in [4] is not a null vector. Since k
p and pqkp (pq is a two-dimensional
antisymmetric tensor on M2) are linearly independent when kp is not null, then vector and
tensor harmonics V p(o1) = 
pqD^qS and T(o2)pq = −r(pD^q)D^rS are used in [4]. However, when
kp is null, V p(o1) (T(o2)pq) fails to be independent of V
p
(e1) (T(e2)pq) as the vector (tensor) on
M2 as shown in Fig.1. On the other hand, harmonics dened by (5) and (7), are the set of
tensor harmonics which are independent of each other and the one-to-one correspondence
between the perturbation of tensors of rank 2 and their Fourier components is guaranteed.
Thus, (5) and (7) are appropriate to discuss the perturbations propagating along the string
with the light velocity.
Let hµν be a perturbative metric and t
µ
ν be a perturbed energy-momentum tensor. Using











































d!. The expansion coecients are tensors on M1. The perturbative energy
momentum tensor tµν has its support only on Min.
Here we consider the gauge-transformation of hµν and t
µ
ν associated with x
µ ! xµ + µ,








Inspecting the gauge transformed variables hµν − £ξgµν and tµν − £ξT µν , we nd simple
gauge-invariant combinations of the expansion coecients: For metric perturbations,
3
H := f(l2); Ha := fa(l1) − 1
4!2
Daf(e0); Hab := fab − 2D(aXb): (13)
where Da is a covariant derivative associated with γab and the variable X
a := fa(e1)− 12Daf(e2)
is transformed to Xa − a by the gauge transformation. For the perturbations of T µν , we
dene
 := 16G(s(e0) + 2X
aDa);
V a := 16G(sa(e1) − Xa):
(14)
These denitions are same as those for kpkp 6= 0 modes in [4] and all coecients in tµν except
for s(e0) and s
a
(e1) are gauge invariant by themselves.  is the energy density perturbation
which is equal to the tangential tension of a string and V a corresponds to the momentum
perturbation.
In this paper, we consider the perturbative motion of an innite Nambu-Goto string
within the rst order with respect to its oscillation amplitude as discussed in [4]. We
concentrate only on  and V a and drop the other coecients in the perturbative energy
momentum tensor (10) and (11).
In terms of the gauge invariant variables, we write the linearized Einstein equations on
Min for the modes in which kpkp = 0 as follows:
Hab = RHab + 2D(aVb) − γabDcV c; DcHac + 2!2Ha = Va; Hcc = 0;
Ha −DcDaHc − 2!2DaH = 0; H = 0; DaHa + 2!2H = 0;
(15)
and the perturbation of the divergence of Tµν are given by




 = 0; (16)
where  := DaDa. The rst equation in (16) corresponds to the Euler equation which
coincides with the equation of the perturbative string motion derived from the Nambu-Goto
action [9] and the second equation corresponds to the continuity equation for the energy
density. On Mex, the linearized Einstein equations are given by the same form as (15) with
R = 0 = V a.
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The global solutions to the linearized Einstein equation in M should be constructed by
matching the exterior and the interior solutions to (15) and (16) at S. This is accomplished
by the perturbation of Israel’s junction conditions [qµν ] := qµν+−qµν− = 0 and [Kµν ] = 0,
where qµν is the perturbed intrinsic metric and K
µ
ν is the perturbed extrinsic curvature
of S.  in the subscripts represent the variables facing to Mex and Min, respectively.
We choose the gauge freedom (l), (e) and a dened by (12) so that f(e0) = f(e2) = 0
and Xa+ = X
a
− = −V a=R. Hence, the independent perturbative junction conditions for the
perturbative variables at S are given by
[H ] = [D?H ] = 0; [H?] = [Hjj] = 0; [cdDcHd] = 0; [Hjjjj] = [Hjj?] = 0; (17)
where cd is a two-dimensional antisymmetric tensor on M1.
We impose the boundary conditions so that the all gauge invariant variables are nite at
both r !1 and r = 0. These boundary conditions, together with the rst three conditions
in (17) and the rst equation in (16), yield
H = 0 = Ha (18)
on the whole spacetime M. Further, we nd that the solution to (15)-(16) are given by






















Da( +R)in + 1
2
acD
c( +R)Ψin;  = −( +R)in (21)
on Min, without loss of generality [9]. (21) shows that arbitrary C4 functions in and Ψin
on Min correspond to the irrotational and rotational part of the internal matter velocity
eld of the thick string, respectively.
We note that the solution (19) is just the cosmic string traveling wave discovered by
Vachaspati [5] and Garnkle [6]. This solution is the pp-wave exact solution to the vacuum
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Einstein equation. We impose that Hjjjj and H?jj is nite at r !1. This regularity condition
leads Bm = 0 for m  1 when  > 1=2. However, only B1 may not vanish when   1=2.
The other coecients in (19) are determined by in and Ψin through the nal condition in
(17).
In this article, we concentrate only on the oscillatory behavior of a thin string. In the
thin string case, the fluctuations of the internal structure of the string should be ignored.
To discuss the behavior of a thin string, we present examples of the global solution to the
linearized Einstein equations. We assume that in and Ψin in Min are given by the eigen
functions of :
in = −in; Ψin = −Ψin; (22)
where  is a constant. As we will discuss bellow, the solutions on the assumption (22) are
sucient to demonstrate how the thin string coupled to gravitational wave behaves.




















Substituting (19), (20) and (23) into (17), we obtain








ν (x) = 0 (24)


















(Cm + iDm)I−m(; x)
(25)
for m  1 mode, where x :=
√
1− ^2r2 and




P m+1ν (x) +
(





P mν (x): (26)
Bm for m  2 in (25) should vanish by the regularity at r !1.
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When  = 0, we may choose Ψin = 0 without loss of generality and in which satises











where C^m are constants. From (17), (19) and (20), we easily see that the nonvanishing










Now, we consider the behavior of the string by using the solutions given by (23)-(28).
The thick string displacement is determined by the deformation of S which is represented by
Xa = −V a=R on S. Xa represents various deformations of S: The m = 0 mode represents
the thickness perturbations of the string which does not changes the center of string mass
in M1. The m = 1 mode, the dipole deformation, represents the translation of S. The
m  2 modes, the higher multipole deformation, represent the deformations of S without
translation. Then the only m = 1 mode is relevant to the string displacement.
In this paper, \a thin string" is regarded as the situations in which the string thickness
is much smaller than any other scales of the string. Then the fluctuations of the internal
structure should not exist for the thin string. In the solutions (23), the scale of the string
thickness is also given by the curvature radius  R−1/2 on Min\M1 with the xed outside
decit angle , while that of the internal fluctuations is characterized −1/2. In this paper,
we consider the situation =R    1 with the xed  and take the leading order of  for
the thin string case.
(23)-(25) includes the solutions which describe the oscillations of the string without the
gravitational wave outside the string. When Im = 0, both Am and Bm may vanish while
Cm and Dm are nonvanishing, i.e.,
C1 = iD1 6= 0; I1 (; x) = 0; and; Cm = Dm = 0; (m 6= 1): (29)
Since Va with m = 1 mode does not vanish in these solutions, these describe the oscillations
of the string. The equation I1 = 0 requires the relation between    and x, that is the
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eigen value problem. It can be shown that the equation has no solution in 0 <  < 1 but
has solutions with large values of . It means that only when the internal fluctuations with
a small scale comparable to the string thickness is allowed, the string can oscillate without
the gravitational wave. This is in the thick string case as discussed above.
In the thin string case ( ! 0), Im(; x) behave







Then, in the leading order of , all solutions given by (23) with the boundary condition
(25) is reduced to a solution (27) with (28) by the replacement C^1 = C1. Thus, (27) with
(28) is regarded as the unique solution describes the thin string oscillations. The traveling
wave B1 in (19) is not concerned with the internal fluctuation, on the other hand, (25) and
(30) show that the traveling wave Am in (19) are excited by the internal fluctuations of the
matter eld. In the same order, the displacement of the thin string is given by
XaS :=
∫









Seiφ (na + ia) ; (31)
where a = (1=r)(@=@)a and na = (1−)(@=@r)a. Since XaS satisfy the equation of motion
derived from the Nambu-Goto action [9], we may regard that (31) is the displacement of the
thin Nambu-Goto string.
(31) shows the oscillation of the thin self-gravitating Nambu-Goto string is directly given
by the cosmic string traveling wave B1 which propagates along the string itself. Thus, we
have reached to our conclusion of the analysis for kpkp = 0 modes : There is no dynamical
degree of freedom concerning the free oscillations of an innite thin Nambu-Goto string.
The oscillations of the string are nothing but the propagation of the gravitational wave in
the kpkp = 0 modes, i.e., cosmic string traveling wave.








jDainDainj=2 of the string
displacement. In the solution (28), we may choose f(e2) = in using the gauge freedom (e).




2(dt+ dz)2. Then, the linear perturbation is not
violated when jin!2j < 1. Since jXaSj=r  jinj!2=(!r)2, jXaSj > r if !r  1. Therefore,
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the magnitude of the displacement may become larger than the string thickness within the
linear perturbation framework if the wavelength of the traveling wave is suciently larger
than the string thickness.
In this article, we only consider the solution described by the eigen functions of .
Though the global solutions discussed here are special solutions with xed , our above
conclusion in the thin string case will hold in the wide class of the solutions (20). Since
the eigen functions of  with dierent positive  spans the L2 space with an appropriate
boundary condition, the generic fluctuations of the thick string described by the L2 functions
are given by the superposition of these eigen functions. Even in this case, we will reach the
same conclusion in the thin string case. Because, in the thin string case, we neglect the
fluctuations described by the eigen functions whose eigen value  is comparable to or larger
than the internal curvature R and will obtain (27) as the solution describes the thin string
oscillations.
In [4], it is concluded that there is no dynamical degree of freedom concerning the free
oscillations of an innite Nambu-Goto string in kpkp 6= 0 modes perturbation. We have
seen that the previous conclusion in [4] is unchanged even if we include the kpkp = 0 modes
into our consideration. These show that the small amplitude oscillations of an innite self-
gravitating Nambu-Goto string are described by gravitational waves and there exists the
dynamical degree of freedom of string free oscillations neither in kpkp 6= 0 modes nor in
kpkp = 0 modes. Though our formalism in [4] and here do not include the cylindrical
static modes, which would be necessary for completion, these perturbations have nothing
to do with the dynamics of the string. Hence, as the result of the systematic search for
the dynamical perturbations in [4] and here, we conclude that an innite string can bend
only when gravitational waves are passing through the string worldsheet and can continue
to oscillate only when gravitational waves are propagate along the string.
The gravitational wave solution derived here describes the string oscillation. This solu-
tion is the pp-wave exact solution to the Einstein equation and is well-known as the cosmic
string traveling wave [5,6]. As pointed out by Vachaspati [5], the traveling wave does not
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emit gravitational waves in the direction perpendicular to the string by itself. If the second
or higher order in the string’s oscillation amplitude give rise to the mode coupling of kpkp = 0
and kpkp 6= 0 modes, the continuous oscillation of the string might emit the gravitational
waves towards an observer far from the string. In the thin wall case, if there exists the
gravitational wave solution propagating along the wall, the situation may be analogous.
We also note that a \thin string" in this paper is not a string with the zero thickness
(r = 0) as in [4]. The magnitude of the string displacement XaS given in (31) depends on
r and vanishes in the limit r ! 0 with the xed all other parameters; the decit angle ,
the amplitude B1 and the frequency of the gravitational wave are xed. This is same as our
result in [4] and consistent with that obtained by Unruh et.al [11]. This suggests that the
thickness must remain nite when one investigates the dynamics of self-gravitating strings
and their gravitational wave emission. The cosmic strings formed during phase transition in
the early universe have their thickness determined by the energy scale of the spontaneously
symmetry breaking [1]. However, since the angular decit of the string is extremely small
(10−6 radian for GUT strings), the thickness dependence of the oscillation amplitude of
strings will be extremely small.
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FIG. 1. V p(o1) fails to be independent of V
p
(e1) when k
pkp = 0 and V
p
(l1) is introduced as an
independent vector harmonics.
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